BIC FILE copy o @@

Approximating Multivariate Normal
Orthant Probabilities
ONR Technical Report

AD-A229 129

Robert D. Gibbons

University of [llinois at Chicago

R. Darrell Bock
University of Chicago

Donald R. Hedelker

University of Illinois at Chicago

May 1990 DTIC

ELECTE
NOV211330

Dr. R.D. Gibbons 3 E

Biometric Laboratory é
[llinois State Psvchiatric Institute. 'C

1601 W. Tavlor St.. Chicago. IL 60612, USA.

Supported by the Cognitive Science Program. Office of Naval Research. un-
der Grant #N00014-39-J-1104. Research in whole or in part is permitted for

any purpose of the United States Government. Approved for public release:
distribution unlimited.

90 11 19 259




JRITY CLASSIFICATION OF THIS PAGE

REPORT DOCUMENTATION PAGE

Form Approved
OMB No 0704-0188

REPORT SECURITY CLASSIFICATION

1o RESTRICTIVE MIARKINGS

SECURITY CLASSIFICATION AUTHORITY

3 DISTRIBUT:ON AVAILAB:L TY OF 2EPDR~
Approved for public release;

DECLASSIFICATION DOWNGRADING SCREDL.:

distribution unlimited

ERFORMING ORGANIZAT-ON REPORT NUMBEAS)

Biometric Lab Report #390-1

S VION:TORING DRGANIZAT CN REPQRT

oM3ES S,

NAME OF PERFORMING ORGAN.ZATION
University of I1linois

60 QFF CZ Sv\VBOL
(if applicable)}

7a NAME QF \..!ON TORING ORPGAN JAT 2N
Cognitive Science Research Program
Office of Naval Research (Code 1142CS)

ADDRESS (City, State, and Z2iP Code)
11inois State Psychiatric Institute 529W
601 West Taylor Street
hicago, I1linois 60612

7o ADDRESS(City State and Z!P Code)

800 N. Quincy Street
Arlington, Virginia 22217-5000

NAME OF = _NDING SPONSORING
ORGANIZATON

9o UFFCZ S/\BCL

(If applicable)

3 PROC.REVIENT NSTRUNENWT DENTIFICATION NUMBER

N 00014-89-J-1104

ADORESS (City, State. ang ZiP Code)

10 SC LRCT OF 2 NOING MU MBERS

PROGRAM 2RO eCT TASK WORK UNIT
ELEMENT NO NO NO ACCESSION NO
61153N RR042046 RR04204-OJ¥4421553

TITLE (include Security Classification)

Approximating ultivariate Normal Orthant Probabilities

PERSONAL AU THORIS)

Robert D. Gibbons, R. Darrell Bock and Donald Hedeker

TwOL Q& EPOAT
Interim

‘3o "ME COVERED

=20v 6/01/89 -0 6/01/9

‘4 DATE OF REPQORT [Yvear. Month Day) 'S PACE (I UNT

June 1, 1990

SUPR_ZVENTARY NOTAT ON

To be submitted for publication in Technometrics

TSaT
T “arn P

- - . .z

Q9

"8 5.8,277 TS Contirce dn reverse ot necRssdty Ind «Jent hy dy DIOck ~.mper)

ABSTRA(CT ‘Cont.~ue dn reverse f necessary and :dentify by block number:!
The probability integral of the multivariate normal distribution has received con-

siderable attention since Sheppard (1900) and Pearson (1901) published their seminal
work on the bivariate normal distribution. In the general case, we are concerned with

evaluating

Ay phy hn
Fn(hl,hzy"')hn;{pij}) Z/ / / f(zl,zz,--wzn;{ﬁij})dll-.-d«‘-'r‘n
=00 vV —00 — 00

where {p;;} represents the n x n symmetric correlation matrix of the z;’s, and
f(z1,22,...,20;{ps,}) is the standardized multivariate normal density function. Di-
rect evaluation of F, is only possible for special cases of {p;;}. For example, Dunnett
and Sobel (1955) have shown that when p;; = aja;(t # ), where | a; [< 1, then

DISTRIBLTION AVAILABILITY OF ABSTRACT

TunceassireounLviTED [ same as Rer ] omic usERs

21 ABSTRACT SECJURITY CLASSF CATON

NAME OF RESPONSIBLE NDIVIDUAL )
Dr. Charles Davis

Unclassified N
Z%E;gg'gyida%lde Areq Coge) Zzbﬁﬁhi:l:"zvbs.?.

‘orm 1473, JUN 86

Previous editions are obsolete

SECURITY CLASSIFICATION OF "wiS SAGE_

S/N 0102-LF-014-6603




SECURITY CLASSIFICATION OF THIS PAGE
—' -

Falb by b (oY) = [ [flw (’\‘;—l;é%)] 1(v)d(y)
[*-] 1 -Q

where P represents the univariate normal distribution function. This special case
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point operations per second.

The purpose of this report is to present a fast and general approximation for
rectangular regions of the multivariate normal distribution function, that is based
on Clark’s (1961) approximation to the moments of the maximum of n jointly nor-
mal random variables. The performance of this approximation is then compared to
special cases in which the exact results are known (e.g., p;; = p = .5), cases in which
the integral reduces to a unidimensional quadrature evaluation (e.g., pi; = a;a;),
and finally error bounded reduction formulae for {p;s} and n < 7.
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ABSTRACT

" The probability integral of the multivariate normal distribution has received
considerable attention since Sheppard (1900) and Pearson (1901) published
their seminal work on the bivariate normal distribution.)ln the general case.

we are concerned with evaluating /

’!.,,‘ Ry h2 hn
‘ Fothy hyoooo ho{p .} = // flry.ra.. ... r.:{p,})dry.. . dr,
where {p,, } represents the n x n correlation matrix of the r,’s. and f(r. ;... .. i {p, B

is the standardized multivariate normal density function. Direct evaluation of
F, is only possible for special cases of {p,,}. For example. Dunnett and Sobel
(1953) have shown that when p,, = a,a,(1 # J). where | a, [< L. then

R h, — oy
Fql/ll.hg ..... hn:{pg}) :/:_:C [H@(ﬁ)] f(y)a'(y)

=1

where & represents the univariate normal distribution function. This special
case is the basis for much of modern psvchometric theory. More recently.
however. B« hrer and Schervish (1931). have developed an error-bounded algo-
rithm for evaluating F, for general {p,,}. Computationally. this algorithm is
restricted to n = 7. and even at n = 7. it can require as much as 24 hours to
) cumpute a single probability with 107? accuracy on a computer than is capable
.,\\ of approximately 1-2 million scalar floating point operations per second:
The puipuse of this report is to present a fast and general approximation
for rectangulag rsgions of the multivariate normal distribution function based
on Clark’s m464¢ approximation to the moments of the maximum of n jointly
normal random variables. The performance of this approximation compared to
special cases in which the exact resvlts are known and error-bounded reduction
formulae show the accuracy of the approximation to he adequate for many
practical applications where multivariate normal probabilities are required. (k f )

1
f
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1 Introduction

The probability integral of the multivariate normal distribution has received
considerable attention since Sheppard (1900) and Pearson (1901) published
their seminal work on the bivariate normal distribution. In the general case.
we are concerned with evaluating

where {p,,} represents the n x n symmetric correlation matrix of the r,’s. and
frog oL, r.:{p..}) 1s the standardized multivariate normal density func-
tion. Direct evaluation of F, is only possible for special cases of {p,,}. For
example. Dunnett and Sobel 11953) have shown that when p,, = a,a,(1 # J).
"a, 1< 1, then

x - hx'—axy ;
Foohy hyo oo ho{p. }) = /-x [E‘P(ﬁ)} fly)d(y) (

where @ represents the univariate normal distribution function. The probabil
ity in equation (2) can be approximated to any practical degree of accuracy
nxing Gauss-Hermite quadrature (Stroud and Sechrest. 1966). [t should be
noted that when p,, = p for all .. then

x h + p'/3y
Foohoho . h: P ):/ [(I)" (_____) ty)d[’;) i3
b= [ o (S [ rndiy

where

i

and if p = 5and h =0.

1
F.i0.0..... 0:{.53}) = 4
n+1

More recently. however, Bohrer and Schervish (1931). have devel ,ned an
error-bounded algorithm for evaluating F, for general {p.,}. Compn:ationally.
this algorithm is restricted to n = 7. and even at n = 7. it can require as much
as 24 hours to compute a single probability with 1072 accuracy on a computer
than is capable of approximately 1-2 million scalar floating point operations
per second. It is nnclear whether vectorization of this algesithm s possible. so
that the greatly increased speeds of parallel computing cuvironments could be
exploited (¢.g.. 20-30 million tloating point instructions per second). Even still.
it is unlikely that this algorithm would be computational tractable for n > 10.




An alternate approach to approximating £, can be obtained by noting
that,

Fo=Pr(zy < hi.13 < hoo...2a < hy) (3)

If hy...ha = h = 0. and the r, follow a standardized multivariate normal
distribution. F? is a <o-called “orthant™ probability. Note. however. that this
orthant probability is equivalent to

F,'l) = Pr{maxir,...... r,) <0} (6)
If mar(ze,...... r,. ) were normally distributed. which it clearly is not. with mean
E'mar(z,...... )] and variance Vimax(r,..... r,)]. then.
h — Evmarcr,. ... .. r,)
o = 1 (7)

n (b .
\/\ AT I PR

where in this case h = 0. For the more general rectangular region case of A,.
we could set A = 0 and subtract h, from the mean values of each of the z,.
which to this point have been expressed in standardized form.

To use this algorithm. we must first have an accurate method of computing
the fArst two moments of marir,.. ... r,) where the r, have a joint multivariate
normal distribution with general correlation {p,,}. and some bound on the error
introduced by assuming that max(x,....r,) has a normal distribution. Such
an approximation has been described by Clark (1961). and in the following.
we describe its use 1 connection with evaluating Fore o, ... rai{p,}). We
begin by reviewing (‘lark’s original formulae.

2 The Clark Algorithm

Let anv rhree <uccessive components {from an n-variate vector. y,. be dis-
rributed:

M
-

,/l ;ll ,71
- Y
N, 1 ~\ -1 . T Tt Pravrt Tiay
A
Lleel ] sl T T a2 Pias? Tigl T2 Prar 42 0'(..2
Let y, = max(y,) = y,. and compute the probability that y,., > y, as
follows:

set Siel = (/ll - /l-"'l)/c"'l'

‘h -2 2 2 D}

where Nl T OO T 20 T Pt

Then  Ply... >yl

P(.’/H-l "‘!) > 0)
®(—:1-0-1)




the value of the univariate normal distribution function at the standard deviate

~ i+l
Now let §is1 = max(y,.y,,,) and assume (as an approximation) that (y,42. Ji41)
is bivariate normal with means.

;l(jlw:) = S(!J;-:) = Hs2 S)
“UJH'\) = :.'.’}Hrl) = Nt¢(:1«rl]+/ll+l(b('—':z+l)+‘~t+lo(:x+l)v

variances
T (Ye2) = Syl =&y = ok, (9)
02(!;14-1) = S‘,’);‘[} - 5.(,’;1«#1) = 0'121'-2‘

where
S = (=@ )+ gl = ol 0®0=200) + U+ 1) G100 500 ).

(10)
and correlation

O"/),‘,.,.;d)( PS| ) + ax+lpt+l.t+2¢( —:H-l)

[T - . (1)
T s1)
Then.
Plycry=maxty nione = Py = ey > 000 (g2 =y > 00
(12)

15 approximated Ly

P(Ul*.? - .’)lol > ‘]’

‘D{ [/ > ,}Aﬂ'l"

ey — HUYe)

¢

\/fff.; T+ T = 20 T U P U e Yo 2)

(13)

Assuming as a working approximation that g, is normally distributed
with the above mean and variance. we may therefore proceed. recursively from
t =1 tor=n—1.where y,. 1s an independent dummy variate with mean
zero and variance zero (i.e. y,,.; = 0). Then. for example.




P[yn+l = maX(ynyz ----- yn+1)]
= PlYne1 ~11 >0) N (Yt = 42> 0) 0.0 (Ysr — yn > 0)]
= Pll-y; >0)N(=y2>0)N...N(=yn > 0)] (14)

approximates the probability of the negative orthant of the specified multi-
variate normal distribution. I[n the case of n correlated standard normals. the
negative and positive orthant probabilities are identical. The probability of any
other orthant can be obtained by reversing the signs of the variates correspond-
ing to 1's in the orthant pattern. Of course. j,4, is not normally distributed.
Errors produced by substituting normal approximations for the moments of
..1 are discussed in the following section.

More generally. to compute a multivariate normal probability over an n
dimensional rectangular region. for example.

Rk 7
/ // _f(.l“..l'g......l'ql{pu})dl‘l...dl‘n (13)

we compute the negative orthant setting y,+; = h. Finally. to approximate the
integral for general h,. we compute the negative orthant by setting un4y = 0
and i, = w, = h,.

3 Accuracy of the Clark Approximation

The errors of the Clark approximation result from the replacement of non-
normal distributions by normal approximations. For example, suppose that
we are interested in the maximum of four standard normal variables. t.e..
max(y,. y,. y3. 43 1. By assuming that y, is normally distributed with expected
value E{mazx(y,.y;)] and variance V{max{y;.y;)]. we can then use the mo-
ments of maxr(y.ys) as an approximation for those of mar(y;.y>.y3). Next.
we assnme that 74 is normally distributed with expectation and variance equal
to the corresponding moments of max(y;.y3). and can therefore use the mo-
ments of maxr(ys.yy) as an approximation for those of mar(y,.....yy). In this
example. of course. j, and y; are not normally distributed. Furthermore. this
is a rare case in which the distribution of a statistical variate diverges frem
normality as sample size increases. Tippet (1923) first showed that skewness
and kurtosis of the maximum of n standard normals goes form .019 and .62
respectively for n = 2 to .429 and .765 for n = 100 to .613 and 1.083 for n =
1000. In terms of expected values of n standard normal variables. the effect of
this non-normality is quite small. For example. for n = 10. the true value is

N}




1.5388 and the approximation yields 1.3367. Even for n = 1000 the expected
value is 3.2414 and the approximated value is 3.2437.

The effect of non-normality on the accuracy of the approximation is also
dependent on the difference between E(y,-1.y:). For example. suppose we
wish to approximate the moments of mar(y,.y,) where y, and y, are not
normally distributed. Clark (1961) points out that if the difference E(y,) —
Eiy,) is large relative to the greater of V'/%(y,) and V'"?(y,) the random
variable maxr(y;.y,) is almost identical to y;. Certainly the first two moments
of maz(y,.y2) would be minimally affected by replacing y; and y; by normal
approximations. However if E(y,) — E(y,) is small relative to the respective
standard deviations. then the use of normal approximations could conceivably
result in significant errors in the approximation of the mean and variance of
their maximum.

In light of this. the following illustrations of the accuracy of the Clark
approximation are. in fact. the worst case results. since thev represent the case
in which the expected values of the y, ave equal. These results indicate that the
error bound for the Clark approximation is approximately 107%. as iilustrated
in the following section.

4 Illustration

To evaluate the pertormance of this algorithm. we have examined a series of
ecqua-correlated multivariate normal distributions for which exact results are
known 1see Gupta. 1963) and those considered by Schervish (1984). Table 1A
displays vesults for 3 to 7 equa-correlated standard norinal random variables
with selected values of p = .2, 3. .3 and 9. and upper integration bounds
of 0. 1. and 2. Inspection of the tabled probabilities reveals that the Clark
algorithm is generally accurate to at least 107 and that computational times
are a linear function of dimensionality. The speed of the Clark algorithm does
not depend on p. In contrast. the speed of MULNOR (Schevish, 1934) is expo-
nentially increasing with both dimensionality and p. In the 7T-variate normal
case with p,, = 9. MULNOR required almost a day to compute a probability
which was accurate to 2 x 107>, whereas the Clark algorithm computed the
same probability with 4 x 107 accuracy in less than three thousandths of a
second. Inspection of these results and others not reported here. suggest that
the accuracy of the ("lark approximation increases with increasing p.

Table 1B displays results for orthant probabilities of higher dimensional
integrals (n = 10. 20. and 40). for the special case of p = .5. where F? =
L/{n + 1). Again. results are accurate to at least 107, and computational
times are linear in n. MULNOR could not be used to evaluate integrals of this
dimensionality.




Finally, Table 1C displays results for some tail probabilities of the multi-
variate normal distribution. In this case. the upper bound of the integration
was -2.5, n = (3,5,10). and p = (.3..9). These probabilities ranged from 103
to 1073 and accuracy of the Clark approximation was 10~ in all cases.

5 Discussion

Clark’'s (1961) fermulae for the moments of the maximum of n correlated ran-
dom normal variates can clearly be used to obtain a fast end accura.e ap-
proximation to multivariate normal probabilities. Examination of a series of
examples involving special cases in which the true results are known. reveals
that the error bound for the approximation is approximately 107? regardless
of dimensionality, and that accuracy increases with increases in | p |. These
results are conservative in that we would expect the ill effect of using normal
approximations to be greatest when g, = p.(: = l.n) which is the case used
in the illustrations.

[n terms of computational speed. the Clark approximation is clearly un-
paralleled. A reasonable estimate of the speed of the Clark algorithm is given
by,

.0004(n)
megaflop

| speed = < ) seconds

where megatlop is the number of scalar floating point instructions per second
rhat the computer is capable of performing.

Numerous applications of the Clark algorithm suggest themselves. Some
preliminary work in this area has already heen conducted by Daganzo (1984).
in the context of discrete choice models of consumer behavior. and by Gibbons.
Bock and Hedeker (1937) in item-response theory. Other potential applications
include multivariate generalizations of probit analysis (see Ashford and Sow-
den. 1970 for the bivariate case). and random-effect probit models (Gibbons
and Bock. 1987), where the Clark approximation was used to estimate first-
order autocorrelation among the residual errors.

Another area of potential interest is in the approximation of multivariate
t probabilities. which can be considered as the joint distribution of n variates
t,=z/s.(t=1.2.....n) where the z, have a multivariate normal distribution
with zero means and unknown variance 0. and known correlation matrix {p,.}.
while vs?/o? has a \* distribution with v degrees of freedom and is independent
of the z,. Dunnett {1953) has evaluated this joint density for the case of
py, = p = .5. by obtaining Fo(z.z,.....2::{p,}) and integrating out s. Use
of the Clark algorithm would provide a generalization of their result to the




case of general {p;,}, a natural application of which would be a generalization
of Dunnett's test to the case of unequal sample sizes among the k + 1 groups
(i.e., treatment groups and a single control).
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Table 1

Probability that n Standard Normal Random Variables with
Common Correlation p. are Simultaneously < h.

A. Comparison with MULNOR

MULNOR Clark
n A True! ~ Prob  Time’ Time® Prob Time>
3 20 9 96110 610 196 060 961%5 0003
120 5 42Ny 92x15 7275 1760 93088 0012
£2.0 8 T30 94T 13.735 0 2913 94319 0012
P20 .9 49370~ 95707 Is557 0 3.835 95730 0012
5 1.0 3 3211 521013 106l 3.900 51341 0016
THVO0.0 9 32967 32965 NA 98040 32921 .0026
0.0 20 04083 01esN NA 733 04122 0026

b Gupta (1963)

 Seconds on a DEC' 2060
Y Seconds on a COMPAQ 3%6-25. Weitek 3167. SVS FORTRAN
¥ Accuracy set to 107  instead of 107 for MULNOR

B. Higher Dimensional Integrals

(Clark
nohoopo True'  Prob Time
0 5 090910 08907 0044
2000 5 V0L 04657 0134
10 g . 0243902390 L0459
YEL0.0.. . 0:{.5}) = =

LS

it

(". Tail Probabilities

n h p o True'  Clark
3025 5 00017 00021
3025 9 00230 .00231
300205 05 00003 .00004
50205 9 00157 00136
o 25 .5 00000 .00000
[0 -25 .9 00099 .00093

Y Gupta 1963)
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